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QUESTION 1 [15 MARKS]
2 2

(a) For the ellipse i;— +y? =1, find

(i) the eccentricity 1
(i) the coordinates of the foci 1
(ili) the equations of the directrices 1
(iv) Sketch the ellipse 1

(b) The point P(ct, ;} lies on the rectangular hyperbola xy = ¢?.

(1)  Sketch the hyperbola and mark on it the point P wheret # 0 1
(i) Derive the equation of the tangent at P 2
(iii) Prove the equation of the normal at P is given by y=t"x+ ; —ct’ 1
@iv) | The tangent at P meets the line y = x at T. Find the co-ordinates of T. 1
(v)  The normal at P meets the line y =x at N. Find the co-ordinates of N. 1
(vi) Provethat OT x ON = 4c? (O is the Origin) 2

2 2
(© The tangent to the hyperbola at a point P (a secH,btan 9) on the hyperbola 36—2— - Z—Z =1
t

meets the axes at Q and S.

If OQRS is a rectangle, where O is the Origin.

Find the locus of R.




QUESTION 2 [15 MARKS]

(a)  The graph of the function f(x) is sketched below.

The domain of the functionis —a>x>4 Note b>a>1
A

A

|

v

On separate number planes sketch the graphs of:

®  y=flx) 1

1
W y-
(i) vy I 2
(i) y=e' 2
(v) y=1f(x*) 2
x* -1

(b) Given G(x)==; wE On separate number planes sketch the graphs of:
x

® y=Gw 2
@ (G = i ~ 2
) y= !ggl )
(iif) _ +lee=D 2

x* +1




QUESTION 3 [15 MARKS]

(a) Given z =1-1, find:

i Im (1] 2

z

(i)  z%in the form x + y 2

(iif)  two values of wsuch that w* =3z +i ' 3
(b)

)] Find the five fifth roots of unity 2

" . 27 2, .3, 4

(ii) Ifw=czs?,showthat1+w+w +w +w =0 1

(i)  Show that z, = w+w'and z, = w® +w’ are roots of the equation z? +z—1=0 2
(c) In the Argand diagram the points A, B, C and D represent the complex numbers

a, B, A and & respectively.

(1) Describe the point which represent %(a +4) 1

(ii)  Deducethatif @ + A =F+8 then ABCD is a parallelogram. 2




QUESTION 4 [15 MARKS]

(a)  Find the exact value of:

@ | sin’x dx 2
0
2 2
(i.i) j (loge JC) dx 2
1 X
1
2 .
(i) j cos™ xdx 2
0
(b)  Use the substitution « = 2 +cos@ to show that
Z sin26
d0=2+41 (2/ 3
J; 2 +cosf ©8e 3)
(c) By using tan(gj =t, integrate
[ sec xdx 2
(d)
() Explain why [ f(x)dx = [ Fla—xyx 2
0 ]
2 sin™ x T
(if) Hence show that j — T gx=Z 2

o 8in” x+cos™ x 4



QUESTION §

@

(b)

(©

@

©

A polynomial function is P(x) = x° +x* +13x% +13x* ~48x — 48.
Factorise P(x) over the field of:

(i) real numbers

(i)  imaginary numbers

Solve 2x* +9x° +6x” —20x~24 = 0 if it has a root of multiplicity of 3.

Let o, Band A be the roots of a cubic equation x* + px’ +¢=0, where p and g are real.

The equation x* + ax® +bx+c =0 has the roots >, #* and i* .

Find a,band c in terms of p and ¢

A monic cubic polynomial, when divided by x* + 4 it leaves a remainder of x + 8.
When it is divided by x it leaves a remainder of -4.
Find the polynomial in expanded form

By using De Moivre’s theorem, show that the expansion of
cos560=16cos’ @ —20cos® 8+ 5¢cos8

Hence solve the equation 16x* ~20x* +5=10

[15 MARKS]




QUESTION 6
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[15 MARKS]
A i
x=10 |
< i >
[ 10
v ;
A circular flange is formed by rotating the region bounded by the curve Y= [
x*+
the x axis and the lines x = 0 and x = 3, about the line x = 10.
(All measurements are in cm)
Use the method of cylindrical shells to show the volume generated V ¢m® of the
3
flange is given by V = dex 2
s X+l
Hence find the volume of the flange correct to the nearest cm’® 2

Use the method of slices to find the volume generated when the area bounded by
y=x" ~3x*and the x-axis is rotated about the y-axis. Begin with a suitable sketch.

Evaluate the volume, 4

Give two reasons why using the “method of cylindrical shells” in this question
would have been easier. 1

Use the method of cylindrical shells to evaluate the volume 2

2
Show the area of an isosceles right angled triangle with hypotenuse h is given by hT 1

The base of a solid is the region enclosed by the curve y =9—x? and the x-axis.

Each cross-section perpendicular to the y-axis is an isosceles right angled triangle

with hypotenuse lying in the base.

Use integration to find the volume of the solid. 3




QUESTION 7

[15 MARKS]
F
(a) I, =Icos"xdx nz
0
. n—1
(i) Showthat /, =——171,, 2
n
p
(i) Hence evaluate Icos“xdx 2
[t}

(b)

The two circles intersect at A and B. the larger circle passes through the centre, C, of the smaller circle.
P and Q are points on the circle such that PQ passes through A.  QC is produced to meet PB at X

Make a neat copy of the diagram on your answer sheet, Let ZQOAB =6

] Show that /BCX =180° -6

2
(i)  Provethat ZPXC =90° 3
(c)
(i) If a and b are positive real numbers prove a ;b > Jab 1
(i)  Henceifa,b and ¢ are positive real numbers prove (a+c)p+ )b+ a)> 8abc 1
Hence if a, b and c are sides of a triangle, assuming that 0 <c<b < g , prove that;
(iii)) (a+b—c)(b+c——a)(c+a-b)$abc 2

(iv) az(b+c—a)+b2(c+a—b)+cz(a+b—c)S3abc 2



QUESTION 8 ' [15 MARKS]

A sequence U/, has the general term —)1(_:;_2_) for all integers n > 1
n

(n+1
1 n
i P by Induction that 3
@) rove by Induction tha Z(k+l)(k+2) Mt 2)
ii Evaluate li Let this be called S 2
(ii) valuate lim, Z (k " 1)(k 2) eca
(iii)  Evaluate I (x - )(x ) Let this be called 1 3
@iv) Sketch the graph of the function y = (x-l—l)tTZ) Jor x=0 2
(v} Using the Trapeziodal Rule, with equal strips of unit width, find and approximate
area under the the function y = S Jor x=20. Let this be called T 3
(x+1)x+2)

(vi)  Using graphic means, explain the relationship between S, I and T, in terms of their size. 2

END OF PAPER
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Standard Integrals

_ 1 "™ +C, n2-1;x20,ifn<0
n+1

=Inx+C, x>0

=le‘”‘+C, az0
a

=lsinax+C, a0
a

1
=——cosax+C, a=0
a

=ltanax+C, a+0
a

1
=—secax+C, a=0
a

=ltan‘1£+C, a#0
a a

X
=sin?'=+C, a>0, —a<x<g
a

=ln(x+\}x2 —a2)+C, x>a>(

—infe-+¥ vat e

NOTE: lnx=log,x, x>0
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